The potential benefits of portfolio diversification have been known to investors for a long time. Markowitz (1952) suggested the seminal approach for optimizing the portfolio problem based on finding the weights as budget shares that minimize the variance of the underlying portfolio. Hatemi-J and El-Khatib (2015) suggested finding the weights that will result in maximizing the risk adjusted return of the portfolio. This approach seems to be preferred by the rational investors since it combines risk and return when the optimal budget shares are sought for. The current paper provides a general solution for this risk adjusted return problem that can be utilized for any potential number of assets that are included in the portfolio.
Introduction
The potential portfolio diversification benefits that can result in reducing risk have been known to investors for a long time. However, the idea of finding the optimal weights as budget shares was pioneered by Markowitz (1952) . In his seminal paper the optimal weights can be found by minimizing the variance of the portfolio subject to the budget constraint. In reality, however, it is also important for the investors to pay attention to the amount of return. An alternative approach has been suggested recently in the literature for the purpose of combining the risk and the return. Thus, the optimization problem in this setting is to find the optimal weights that will result in maximizing the risk adjusted return subject to the budget constraint according to Hatemi-J and El-Khatib (2015) . However, the authors provide a closed form solution for a portfolio that consists of only two assets. The objective of the current paper is to extend their work and provide an exact solution for the risk adjusted return of a portfolio that can consist of any potential number of assets subject to the budget restriction.
The rest of the paper is organized as follows. In section 2, the optimization problem is formulated and the general solution is derived. Section 3 provides two examples. A conclusion is given in section 4. Finally, an appendix in the end presents some pertinent derivations.
The optimization problem
Let A i , i = 1, 2, . . . , n, be n assets included in a portfolio. Let also r i , i = 1, 2, . . . , n, be the return of asset A i . As in Markowitz (1952) , it is assumed that the returns are normally distributed such as r i ∼ N (µ i , σ i ). The variance and covariance matrix is defined as Ω = (σ i,j ) 1≤i,j≤n . Let w i , i = 1, 2, . . . , n, be the budget shares invested
µ i w i be the expected return of the portfolio and g(w) = w t Ωw be the variance, w t denotes the transpose of w. The risk adjusted return of the underlying portfolio is
The problem is to determine the optimal weights vector w = (w i ) 1≤i≤n such that the risk adjusted return, Q(w), of the underlying portfolio is maximized, subject to the budget constraint
w 1 = 1. Thus, the optimization problem at hand is the following.
The following theorem gives the exact optimal solution of the optimization problem (2.2) in a compact form.
Theorem 1
The optimal solution, w * , to the maximization problem (2.2) is given by
3)
..,n are n × 1 constant vectors given recursively by
and
Proof of Theorem 1: Define the Lagrange function to problem (2.2) by
A solution to problem (2.2) is solution of the system
, (2.5) and (2.6) reduce to
From (2.7), we see the right-hand side is independent of i. Thus, we have
Again, the right-hand side of (2.9) is independent of i, and we have
Equation (2.10) means that w satisfies the homogeneous linear system
Since f i = µ i and g i = ((Ω + Ω t )w) i = 2(Ωw) i , the (n − 2) × n system (2.11) can be written in matrix form as BΩw = 0, (2.12) with B the upper tridiagonal (n − 2) × n matrix:
The general solution of (2.12) can be written as
..,n is the general solution of the system Bz = 0. If we assume that
..,n is given recursively by
with z n−1 = s, z n = t, s and t are free parameters, and
Since every z i is a linear combination of the free parameters s and t, we can write z = su + tv, where u = (u i ) i=1,...,n and v i=1,...,n are n × 1 constant vectors given recursively by
14)
with u n−1 = 1, u n = 0 and v n−1 = 0, v n = 1. It follows that the general solution of (2.12) is
Imposing the condition (2.8),
w i = 1, we get
Thus, we have w as w = α + tβ,
From the above derivations, we conclude that the optimal solution w * is of the form
for some optimal value t * , with α and β as defined above. The optimal value t * is the one that maximizes the risk adjust return Q(α + tβ), i.e.,
∂Q(α+tβ) ∂t
= 0. Derivations (see Apprendix A) reveal that
Therefore, the optimal weights vector is given
which proves the Theorem 1.
Examples
In this section, we validate the formula (2.17) by applying it to the case of a portfolio consisting of two assets, and extend it to the 3 dimensional case. 
.
Substituting these into (2.17), we obtain
,
as found in Hatemi-J and El-Khatib. 
Similarly, we obtain the α and β vectors and when Substituted into (2.17), we obtain
Conclusion
Investors regularly make use of portfolios in order to remove or at least reduce the unsystematic risk of their investments. A critical issue within this context is finding the optimal weights as budget shares. The seminal paper of Markowitz (1952) suggests finding the optimal weights that result in minimum variance as a measure of risk of the underlying portfolio. This classical approach might lead to selecting a portfolio that would be the safest but not necessarily the one that would give the highest amount of return per unit of risk. Hatemi-J and El-Khatib (2015) suggest finding the optimal weights that combine risk and return based on the maximization of the risk adjusted return. They managed to provide solution for the 2 × 2 case. However, in financial markets investors are interested usually in portfolios that will include more than two assets because the diversification benefit is an increasing function of the number of assets included in that portfolio. The current paper provides closed form solutions for a portfolio that is based on the risk adjusted return of dimension n × n, where n represents the number of assets.
In the future, applications can be provided to show that the risk adjusted return of a portfolio based on our suggested approach has higher value compared to the risk adjusted return of other alternative portfolios. It should be also mentioned that this method can be extended to the financial markets in which short selling is not possible, that is, all weights must be positive. Other extensions could be allowing for higher moments in the data generating process of the underlying assets such as the third and the fourth moments.
A Appendix
In this appendix we present the derivation of the formula for t * given in (2.16). Let α and β be two constant n × 1 column vectors. Let
The optimal t * is the value of t for which h ′ (t) = 0, where
Then t * is the value of t for which
We have = 2(µ t β)(αt * = − 2(µ t β)(α t Ωα) − (µ t α)(α t Ωβ + β t Ωα) (µ t β)(α t Ωβ + β t Ωα) − 2(µ t α)(β t Ωβ)
Since Ω is symmetric, we have β t Ωα = α t Ωβ and t * reduces to t * = − (µ t β)(α t Ωα) − (µ t α)(α t Ωβ) (µ t β)(α t Ωβ) − (µ t α)(β t Ωβ) , as in (2.16).
